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In order to reduce the amount of tensile reinforcement in 
beams it is common practice for a structural engineer to ter­
minate the reinforcing bars at one or more points along the span 
where they are no longer needed to resist flexural stress. 
Both AGI Building Gode (3) and AASHO Specifications (1) have 
requirements for termination of flexural bars in a member. The 
rules given are not only quite conservative in some respects, 
but also numerous especially in the AGI Building Gode. With 
additional research, the requirements for bar cutoffs may be 
simplified. 
Previous investigations by Ferguson (10, 11) showed that 
cutting off flexural bars in tension zones substantially reduced 
the shear strength of beams. When no remedial steps were taken, 
the losses in strength due to bar cutoffs were from 15 to 25 
percent, and in one case the strength decreased more than 40 
percent. 
Shear strength of reinforced concrete be^ s with all the 
tensile steel continuous in tension zones have been studied 
quite extensively by numerous investigators (4-9, 13, 14). It 
is noteworthy, however, that studies of the effect of bar cut­
offs on the ultimate capacity of a reinforced concrete beam 
have received limited attention so far. The conditions in the 
current AGI Gode for allowable bar cutoffs are believed to be 
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largely based on Ferguson's experimental test data (11, 12). 
No theoretical formulation has been made. Nevertheless, these 
requirements satisfactorily serve the purpose even though they 
may be conservative in some respects. It is believed that a 
rational and concise rule, if one can be found, would be more 
convenient and efficient from a designer's point of view. 
Object and Scope 
The object of this investigation is to develop a reliable 
method for predicting the ultimate load of reinforced concrete 
beams with some of its flexural bars terminated in the tension 
zone or at the inflection point. 
To accomplish this objective, an analytical solution was 
made. A test program was then planned to confirm the validity 
of the analytical solution. Thirty-two beams consisting of 
twenty simple beams and twelve simply supported beams with one 
end cantilevered to simulate continuous beam conditions^  were 
tested. In addition to these thirty-two beams, forty-five beams 
tested by Ferguson (10) were analyzed. 
The equations from the theoretical analysis are presented 
graphically so that the minimum tensile flexural steel require­
ment can be determined easily at inflection and bar cutoff 
points. 
simply supported beam with one end cantilevered to sim­




Each test beam in this investigation is designated by a 
specimen number consisting of letters and numerals. The spec­
imen number for the simple beams describes both flexural and • 
web reinforcements in the test beam. The specimen number for 
the cantilevered beams describes only web reinforcement. 
Simple Beam: 2/4-7S4d/2. The first number represents the 
number of the bars continuing beyond the cutoff point. The num­
ber following the slash represents the total number of the long­
itudinal bars. The number following the hyphen represents the 
size of the longitudinal bars. The letter S denotes stirrups. 
The number following the letter S represents the size of the 
stirrups. The remaining numerals and letters gives the spacing 
of the stirrups in terms of the effective depth of the beam "d". 
For example, the specimen number given above states that two of 
four No. 7 flexural bars are extended beyond the cutoff point 
and No. 4 stirrups are spaced at d/2. For beams without bar 
cutoffs, only one number precedes the hyphen. In this case, it 
denotes the total number of bars. When "NO" is shown following 
the letter S"j" it indicates that the specimen is without stir­
rups . 
Cantilevered beam; C21-S4d/4.2. The first letter C repre­
sents the cantilevered beam. The numbers between the letter C 
and the hyphen identifies the test beam. The letters and num­
erals following the hyphen describe the web reinforcements. The 
descriptions are the same as those given for the simple beam. 
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The following notation has been used: 
A = shear span = L/2 for beam under center point load 
= distance between reaction to inflection point, 
a = rotational shear span = c + d. 
Ag = area of longitudinal tension reinforcement. 
Ag^  = area of continuing longitudinal tension reinforcement. 
A^  = area of web reinforcement. 
b = width of beam. 
c = distance from reaction to cutoff point. 
D = nominal diameter of reinforcing bar. 
d = effective depth of beam. 
f^  = compressive strength of 6 x 12 inch concrete cylinder, 
f^  = split tensile strength of 6 x 12 inch concrete cylinder, 
fg = stress in longitudinal reinforcement. 
f^  = yield strength of web reinforcement." 
fy = yield strength of longitudinal reinforcement, 
j = ratio of distance between centroid of compression and 
centroid of tension to the depth, d. 
= 1 - 0.59q 
L = length of simple beam span. 
M = bending moment. 
M = bending moment at distance "a" from reaction. 
a 
= bending moment at location of cutoff. 
= bending moment at mid-span. 
n = number of stirrups crossing a diagonal crack. 
P = load on beam. 
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P tens ion-steel reinforcement ratio = -r-f-. 
A 




q f. • 
c 
r = web reinforcement ratio = t— bs 
s = longitudinal spacing of web reinforcement. 
T = force in tensile reinforcement. 
u = unit bond stress. 
V total shear at a section. 
= diagonal tension cracking strength in unit shear stress. 
Vg = ultimate shear stress as governed by the AGI flexure, 
v^  = ultimate shear stress as governed by rotational shear, 
v^  = test strength in unit shear stress. . 
v^  = ultimate shear stress as governed by the ACI Code 318-63. 
W = force in the web reinforcement. 
a = position parameter = i 
p = position parameter to cutoff point = 
 ^ = angle of inclination of stirrup. 
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BRIEF REVIEW OF CURRENT SPECIFICATIONS 
Due to Lack of sufficient experimental data concerning the 
effect of bar cutoffs in tension zones and at inflection points 
on the ultimate strength of a beam, the requirements given by 
the current ACI Code are quite numerous. These requirements 
are given in paragraphs b, c, e, and f of Section 918 of the 
Code (3) as follows: 
lb). Except at supports, every reinforcing bar 
shall be extended beyond the point at which it is no 
longer needed to resist flexural stress, for a dis­
tance equal to the effective depth of the member or 
12 bar diameters, whichever is greater. 
(c). No flexural bar shall be terminated in a 
tension zone unless one of the following conditions 
is satisfied: 
1. The shear is not over half that nor­
mally permitted, including allowance for shear 
reinforcement, if any. 
2. Stirrups in excess of those normally 
required are provided each way from the cutoff 
a distance equal to three-fourths of the depth 
of the beam. The excess stirrups shall be at 
least the minimum specified in Section 1206 (b) 
or 1706 (b). The stirrup spacing shall not 
exceed d/8r^  where r^  is the ratio of the area 
of bars cutoff to the total area of bars at the 
section. 
3. The continuing bars provide double the 
area required for flexure at that point or 
double the perimeter required for flexural bond. 
(e). At least one-third of the total reinforce­
ment provided for negative moment at the support shall 
be extended beyond the extreme position of the point 
of inflection a distance not lees than 1/16 of the 
clear span, or the effective depth of the member, 
whichever is greater. 
(f). At least one-third the positive moment 
reinforcement in simple beams and one-fourth the 
positive moment reinforcement in continuous beams 
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shall extend along the same face of the beam into the 
support at least 6 inches. 
The purpose of the conditions given in Section 918(c) is 
to prevent a reduction in strength for beams with flexural 
steel terminated in a tension zone. These conditions seem to 
be conservative in some respects except for the paragraph per­
taining to doubling of the perimeter required. If the reduced 
strength is caused by a premature bond failure along the con­
tinuing bars, then doubling the required perimeter would prevent 
a reduction in strength. However, if the strength reduction is 
caused by bond failure of the terminated bars, then increasing 
the perimeters of the continuing bars will have no effect. 
Stress redistribution will be more severe for beams with exten­
sive splitting (bond failure) than for beams without any 
splitting along the terminated bars. For instance, a beam can 
be considered to be reinforced only with the continuing bars at 
the maximum moment section if a bond failure occurs along the 
terminated bars. From the above discussion, it is clear that 
this type of distress undoubtedly can be helped by increasing 
the area rather than the perimeter of the continuing bars. 
The requirements for continuous beams of at least one-third 
of the total negative steel to be extended beyond" the inflection 
point and one-fourth of the positive moment steel to be ex­
tended into the supports may be unconservative for beams with 
short shear spans. This is especially true when the excess 
flexural steel is cut off at the inflection point. For example. 
8 
suppose a beam without stirrups has a shear span length of twice 
its effective depth, d. If the horizontal projection of the 
diagonal crack is assumed to be equal to the effective depth, 
d, it is apparent that extending.one-third of the total steel 
beyond the inflection point would not be sufficient to take 
care of the stress redistribution caused by the inclined crack. 
A minimum extension of one-half of the total steel is needed 
to resist the external moment for this particular case. 
Furthermore, under some adverse loading and geometrical 
conditions, when the shear spans on both sides of the inflection 
point are nearly equal in length, as for the case shown in 
Figure 1, the difference in requirements on the percentage of 
the total steel to be extended cannot be justified. 
It is believed that the minimum area of steel to be ex­
tended should not only be based on the anchorage strength of 
the continuing bars, but also on the total yield strength of 
these bars. 
The AASHO's requirements (1) on the termination of flexural 
steel in the tension zone are not as numerous as that of the 
AGI Code. In the AASHO Specifications, every reinforcing bar 
shall be, extended at least 15 bar diameters beyond the theo­
retical cutoff point, or one-twentieth of the span length, 
whichever is greater. An extension of 15 bar diameters or one-
twentieth of the span length is not sufficient for deeper beams 
as will be shown in a later chapter. 
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The AASHO's requirement on the amount of the positive 
moment reinforcement to be extended into supports is the same 
as the AGI Code requirement. There is no requirement on the 
amount of the negative moment reinforcement to be extended be 
yond the -inflection point. 
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THEORETICAL APPROACH 
Bars Cutoff in Tension Zone 
General remarks 
Shear failures can be generally classified into two types 
for reinforced concrete beams with some of its tensile bars 
terminated in the tension zones. One type is due to the in­
ability of both concrete and stirrups to resist the vertical 
shear force, while the other is due to the inability of tensile 
steel and stirrups to resist the moment. The former is covered 
in the ACI Code, namely, v = 2jf^  + rf^ , and hence hereafter 
will be referred to as the ACI shear failure. The latter, the 
moment type of failure, behaves almost like a plastic hinge. A 
considerable amount of rotation may occur due to yielding of 
both flexural and web steel before crushing of the concrete. 
This type of failure will be referred.to as the rotational shear 
failure. 
Assumptions and idealizations for rotational shear capacity 
To develop an equation for predicting the rotational shear 
capacity of a reinforced concrete member with some of its 
flexural bars'cut off in the tension zone, the following assump­
tions and idealizations are made: 
1. A critical crack passes through the cutoff point. 
2. The shear force transferred across the critical diag­
onal crack is negligible. 
3. The dowel action of the continuing flexural steel and 
stirrups across the crack is neglected. 
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4. The web reinforcement which crosses the main diagonal 
crack yields. 
5. The continuing flexural steel yields. 
6. The horizontal distance of the main diagonal crack 
from the cutoff point to the concrete compression 
block has a distance equal to the effective depth, d. 
7. The shearing strength of reinforced concrete beams can 
be predicted by using the current AGI formula. 
The first assumption is believed to be true from the re­
sults of previous research by Ferguson (11). The crack which 
passed through the cutoff point had the greatest width when the 
beam failed. It is believed that the shear force transferred 
across the critical diagonal crack will be negligible when the 
crack is quite wide. Therefore, the second assumption can be 
regarded as an adequate assumption. 
The tensile and web reinforcements act as dowels across 
the diagonal tension crack. These dowel forces may contribute 
to the shear strength capacity. However, it is believed that 
they are small in comparison to the tension force carried by 
both flexural and web steel. Due to the limited research data 
available, the dowel force will be neglected. 
Test observations of crack width and measurements of 
strain in the stirrups (6, 13) have established that, in gener­
al, stirrups which cross the main diagonal crack will be at 
their yield strength when the shear capacity is reached. 
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The fifth assumption is valid if and only if the area of 
extended steel based upon its yield strength is not in excess 
of that required. The rotational shear capacity should be 
equal to or greater than the AGI shear capacity. If excess 
steel is .continued beyond the cutoff point so that the rotation­
al shear capacity is greater than the AGI shear capacity, no 
reduction in strength will occur. 
The sixth assumption is an idealization, and previous tests 
(16) indicated,that this assumption is quite satisfactory for 
beams failing in shear. 
Previous test results (2, 5) have shown that the current 
AGI shear formula safely predicts the ultimate shear capacity 
of a member when it is controlled by the summation of the ver­
tical forces. Therefore, the seventh assumption is considered 
to be adequate. 
General ultimate rotational shear equation 
For a member with bar cutoffs, the ultimate capacity is 
controlled not only by the summation of vertical forces, but 
also by the summation of moments across the crack. Using the 
previous listed assumptions and idealizations, the internal 
resisting moment of a beam can be derived as shown in the sub­
sequent paragraphs. 
All internal forces which contribute to the internal re­
sisting moment across the critical diagonal crack are shown in 
Figure 2. Figure 2a shows a simple-span .beam with bar cutoffs 
in the tension zone shortly before failure. Figure 2b shows 
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the portion of the beam, to the left of the crack as a free-body 
diagrara. Figure 2c shows the approximate locations of the in­
ternal forces at the assumed diagonal crack. 
The number of stirrups crossed by the diagonal crack can 
be expressed as: 
„ _ d + d cot t * tan 0 
n s 
= -^ (1 + cot * tan 0). S 
The angle 0 can be taken approximately as 45°, therefore, 
n = |(1 + cot (1) 
Then, the total tension force in the web steel can be expressed 
as 
W = |(1 + cot t)A^ f^ . C2) 
The moment due to all forces about 0 is then: 
M = |(1 + cot r )A^ f^  • S±a t ' -id( j cot ^  + 1) + Tjd 
= ^ rbd^ f.^ CSin t + cos T) ( j i  Cot ^  + 1) + Tjd. (3) 
The above equation is the general ultimate rotational shear 
capacity equation for members with the tensile steel cutoff in 
tension zones. 
For members with vertical stirrups, = 90°, and Equation 
(3) becomes: 
= |rbd^ f^  + Tjd 
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= + Pgfybd^ j. (4) 
Equations (3) or (4) can be used to estimate the ultimate 
rotational shear capacity of a member subjected to any type of 
loading condition. Furthermore, these equations can be mod­
ified for some particular cases of loading so that they can be 
used readily for design purposes. 
Simply supported beams with constant shear 
The external moment can be expressed as 
M . = Va = vbda. (5) 
ext. 
From Equations (4) and (5) and 
vbda = -irbd^ f^  + p^ f^ bd^ j 
and solving for v gives 
^ = I'^PeV * 
If the member is designed for equal capacities in direct 
shear and rotational shear, relationships for p^  and a can be 
obtained when the current AGI Code shear provision is used as 
the direct shear values. 
Shear capacity of a member with vertical stirrups may be 
predicted by either of the following equations: 
V = ^  = 1.9/F + 2500(pVd/M) + rf^  (7a) 
or 
^ =Bd== (7b) 
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Equation (7b) will be used instead of Equation (7a), since 
the second term in Equation (7a) does not contribute consider­
ably to the ultimate shear strength of members with stirrups 
(5). Furthermore, it is slightly more conservative to use 
Equation .(7b). , From Equations (6) and (7b): 
|CPefy3 + H. (8) 
Solving for gives 
Pe =  ^ (9) 
Equation (9) can be used to determine the area of steel 
required for extension, if' both the cutoff location and the 
amount of web steel are known. 
The parameter, (Â), can be expressed in terms of moment 
a  ^
and shear as -? = Thus, 
d. V d 
1 M M ' 
Pe = (9a) 
Substituting + Vd yields 
Pe ~ r-jtZCl + C9b) 
y 
Equation (8) can also be solved for a which can be used 
for determining the cutoff location if the amount of the con­





The amount of stirrups, r, in Equation (10) can be determined 
easily from Equation (7b). 
The ultimate moment capacity of a section can be expressed 
as: • 
= Agfyd(l - 0.59q) 
= pbd^ f (1 - 0.59q). (11) 
For constant shear, the external moment can be expressed as: 
= VA. (12) 
Solving Equations (11) and (12) for V yields: 
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V = -  0.59q) 
or 
V = (f)pfy(l - 0.59q). (13) 
From Equations (7b) and (13), rf^  can be expressed as: 
rf^  = (|)pfy(l - 0.59q) - 2jF. (14) 
Equations (9) and (14) are plotted in Figures 9 and 10. 
These figures can be used for determining either the amount of 
steel required for extension or the cutoff location depending 
on whichever is known. Details of construction and procedures 
of using these curves will be explained in the latter part of 
this chapter. 
Simple-span beam with uniformly distributed load 
For beams with uniformly distributed load, the design 
equations will be rather complicated because of variable shear. 
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The amount of web steel per unit length of beam varies within 
the shear span. For beams with constant shear the amount of 
web reinforcement per unit length of beam is constant over the 
shear span. 
Shear and moment diagrams of a uniformly loaded beam can 
be expressed in terms of position parameters ce» (3, and span 
length, L, as shown in Figure 3. 
Solving Equation (4) for p^  gives: 
1  ^ 1 
Pa = 
and from Figure 3, the moment can be expressed as: 
a 2 
Substituting Equation (15) into (4a) yields: 
M = ' (15) 
and since 
a = (3 + I 
then 
Equation (17) can be used for determining the area of steel 
required for extension beyond the cutoff point if the cutoff 
location and amount of web steel are known. The required amount 
of extended steel can also be expressed in terms of moment and 
shear at the cutoff location as shown in the subsequent para­
graphs . 
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Solving Equations (4a) and (7b) gives 
T M 




M = + V„d -
a 3 3 2 
1 
Pe = •" •" 2Bd - 2b)' (IB) 
Equations for determining the cutoff location can now be 
derived. Solving Equation (15) for cc yields: 
1 + / 8M 
a -"?(]- ~ j 1 - —^ ) • (19) 
 ^ wL^  
From Figure 3, p can be expressed as 
d 
[3 - a - L 
and substituting for a 
1 + 8M , 
The above equation can be;used to determine the cutoff 
location, if the internal resisting moment M is knovm.. The 
a  
internal resisting moment can be determined by using Equation 
(4) .  
Bars Cutoff at Point of Inflection 
General remarks 
For bar cutoffs at the inflection point, the shear strength 
will be controlled by the same two conditions as for bars cut­
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off in the tension zone; namely, the summation of vertical 
forces and the summation of moments about the compression block 
must be equal to zero for equilibrium. The failure caused by 
the deficiency of both stirrups and concrete compression block 
in resisting the external shear will be called the AGI shear 
failure; whereas, the failure caused by insufficient internal 
resisting moment will be called the rotational shear failure. 
The rotational failure can be further classified into two types: 
rotational shear failure and rotational shear failure compli­
cated by bond. The behavior and causes of each type of failure 
will be discussed in the subsequent articles. 
Assumptions and idealizations 
Assumptions and idealizations in the derivation of the equ­
ations to determine the.minimum area of flexural steel to be 
extended beyond the inflection point are similar to those per­
taining to bar cutoffs in tension zones. One exception is the 
location of the critical crack. The critical crack will not 
necessarily pass through the inflection point where some of the 
flexural steel is terminated. A flexural tensile crack cannot 
initiate at .the inflection point.- A crack which passes through 
the inflection point on the tension face must originate at near 
mid-depth of the beam as a web shear crack. Also, it must 
develop at some distance away from the inflection point, such 
as point S in Figure 4. 
For a web shear crack to initiate at near mid-depth of the 
beam, the average shear stress must have a minimum value of 
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approximately 2/3 as shown below: 
V = — . ^  = f ' 
max. 2 bd t 
hence, 
 ^= M = (21) 
where, f^  is the tensile strength of concrete. 
By using 7.5|f^  as the ultimate unit tensile strength of 
concrete (15), the average shear stress v is equal to 5 .0J f^ .  
The nominal unit shear stress can be related to the ultimate 
moment capacity as 
V = (aOpfyj. (22) 
From the above discussions the following can be concluded: 
1. When v < 5 j f ] ,  or ^ >pf the inclined crack 
C d y C 
cannot pass through the inflection point. 
2. When v > 5jfl, or ^ p^f j/5jf~', an inclined crack must 
c Q y c 
pass through the inflection point. 
Rotational shear failure with inclined crack through inflection 
point i 
The internal resisting moment at the section through the 
critical crack can be expressed in the same manner as in the 
case of flexural bars cutoff in the tension zone (Figure 5). 
i^nt. Y b^d^ f^ (Co8 f +  Sin r-)(jCotr + 1) + Tjd (3) 
or 
«int. = * PafyjbdZ. W 
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For beams with, constant shear, the external moment can be 
expressed as 
M , = Vd = vbd^ . 
ext. 
Equating the external moment to the internal moment gives 
(23) 
Equating the rotational shear capacity. Equation (23), to the 
AGI Code shear capacity, Equation (7b), gives 
1 nr: . 1 
P. - (2jfl+irf). (24) e " C 2 V 
This equation can be used to determine the area of flexural 
steel extension required beyond the point of inflection such 
that no loss occurs in the AGI shear capacity. 
In order to have equal capacities in rotational shear and 
direct shear (AGI Code shear capacity), Equations(7b) and (23) 
must be satisfied. Equation (7b) satisfies static equilibrium 
concerning summation of forces and Equation (23) satisfies 
static equilibrium concerning summation of moments at the 
inclined cracked section. = 
In Equation (7b),"the unit shearing stress v can be re­
lated to the moment capacity as was done for longitudinal bars 
cutoff in tension zones. Thus, Equation (14) can be rewritten 
as 
rf^  = Ipfyd - 0.59q) - 2]^ . (14) 
Equations (14) and (24) are plotted in Figures 11 and 12. 
The curves are similar to the curves for bars cutoff in the 
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tension zone except that only one curve, -g = 1, can be plotted 
for Equation (24). 
For beams with a uniformly distributed load, the general 
rotational shear Equation (4) can be used to calculate either 
the resisting moment or the area of flexural steel extension 
depending on which one is known. Figure 8 can be used for this 
purpose. 
Rotational shear failure complicated by bond 
As stated previously, when the average shear stress v is 
I— ' . A less than 5jf^ , or the shear-span to depth ratio, is greater 
than pfyj/5the critical crack may not pass through the 
inflection point. Inclined cracks in this case are initiated 
from the flexural cracks which form at some distance away from 
the inflection point. The location of the flexural crack will 
influence considerably the ultimate strength of a member. 
For example, assuming that the flexural crack has.formed 
at a distance, x, from the inflection point (Figure 6), the 
internal resisting moment about 0 can be expressed as 
The external moment is given by 
Equating the external moment to the internal moment yields 
Tjd + i-rf^ bd^  = pf^ jbd^  + -^ rf^ bd^ . 
(25) 
If the steel stress f is assumed to be uniform for both 
s 
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continuing and cutoff bars across the crack, the maximum steel 
stress which can be attained will depend entirely on the bond 
resistance of the cutoff bars. The steel stress in the ter­
minated bars is expressed as 
_ _ n-TrDxu _ 4xu 
% 
where: 2o^  = sum of the perimeter of the bars cutoff. 
A = total area of the cutoff bars. 
sc 
u = ultimate bond stress. 
D = diameter of the cutoff bars. 
Substituting Equation (25) into Equation (25) gives 
V = (27) 
If the cutoff bars fail in bond, the external moment at 
the cracked section must be completely carried by the continu­
ing bars and stirrups. The effect is to reduce the moment 
carrying capacity at the cracked section. If the continuing 
bars fail in bond along the distance from the crack to cutoff 
points by splitting, then the rotational shear capacity will be 
reduced considerably due to stress redistribution. 
The rotational shear capacity of a member can be expressed 
by substituting a = x + d into Equation (6). 
V = 
. (28 ) 
To prevent any reduction in strength, or a sudden drop in 
strength, enough continuing bars should be provided to carry the 
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Load up to the AGI shear capacity. 
Solving Equations (27) and (28) for p^  yields 
Pe = (29) 
where, 
V = 2jf^  .+ rf^ . 
The amount of flexural steel extension determined by using 
Equation (29) will tend to prevent any premature failure of a 
member caused by deficiency in bond resistance of cutoff bars. 
The behavior of a member can be explained more clearly by 
using the graphical representation (Figure 7) of the above 
derived equations. For example, if a member has a flexural 
crack formed at a distance, A, from the inflection point, the 
member can carry the load up to point A1 before the portion of 
the flexural steel from cutoff to the crack fails in bond. The 
capability of the member to carry any additional load, after 
failing in bond, will depend entirely on the amount of flexural 
tensile steel extended beyond the inflection point. If the beam 
has the rotational shear capacity as represented by Line 1, the 
loading can be further increased up to point A2 at which the 
continuing steel yields. Since the stress reached is still 
under the shear capacity of the AGI Gode, the amount of flexural 
tensile steel extended is still insufficient. 
The strength of this beam can be further increased by 
either preventing bond failure of the terminated bars or ex­
tending additional steel. Since the bond resistance of the ter-
25 
rainated bars is not clearly understood, additional steel should 
be extended. If additional steel is extended so that it has 
the rotational shear capacity as represented by Line 2, then 
the strength can be expected to reach point A3 unless it fails 
in shear- Although the rotational shear capacity represented 
by Line 2 is sufficient for this beam to reach the AGI shear 
capacity if the crack is formed at A, the rotational shear ca­
pacity represented by Line 2 will not be satisfactory if the 
crack is formed at B. 
At bond failure the strength of the member with a crack 
at B will drop to point B2 instead of increasing as was the 
case for a beam with a crack at point A. It can be seen that 
the area of flexural steel extended has a considerable influ­
ence on the behavior of the beam. The area of steel extended 
must be adequate so that the AGI shear capacity can be reached 
regardless of the critical crack location. Line 3 represents 
this capacity. The minimum steel extension can be determined 
by using Equation (29). Thus, an extension of bars beyond the 
inflection point with an area according to Equation (29) theo­
retically insures that the AGI Gode shear capacity will be 
reached.regardless of the location of the inclined cracks. 
For a member with a uniformly distributed load, no general 
equation can be easily derived. However, the required minimum 
amount of extended steel can be found without too much diffi­
culty. 
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From Equations (27) and (28), the following expression is 
obtained: 
- = ^  • ÏÏ- "0) 
By using shear.and moment diagrams, and Equations (4) and 
(30), the minimum flexural steel requirement can be found as 
given in the following steps: 
1. Assume p . 
e 
2. Compute x by using Equation (30). 
3. Find shear and moment at a distance (x + d) from the 
inflection point by using shear and moment diagrams. 
4. Estimate rf^  by using the shear found in Step 3. 
5. Compute p^  by using Equation <4). 
6. If the computed p^  is equal to the assumed, then the 
computed p^  is the minimum required for extension; 
otherwise, repeat Steps 2 to 5 by using the newly 
computed p^ . 
Graphical Representation of Design Formulas 
General ultimate rotational shear equation 
The general ultimate rotational shear equation can be 
rewritten in the following form: 
M n 
= irf + p^ f (1 - 0.59q). (4a) 
bd  ^  ^y 
This equation is plotted for values of p^  ranging from 0.004 to 
0.024 in Figure 8 by using M /bd^  as ordinates and rf as 
a. V 
abscissas. These curves can be used conveniently for determin­
ing either the required amount of steel to be extended beyond 
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the cutoff point or the cutoff location. 
The amount of steel to be extended can be determined by 
2 drawing a straight horizontal line from a known value of M /bd 
a 
and a straight vertical line from a known value of rf^ . The 
point where these two lines intersect gives the required p^ . 
The cutoff location can be determined by obtaining the resist­
ing moment, M , when the values of rf^  and p^  are known. Once 
the resisting moment, M , is found, the cutoff location can 
a 
be determined from the moment diagram of the member by locating 
the point where M occurs. 
a 
Beams with constant shear 
Bars cutoff in tension zone Equations (9) and (14) are 
plotted in Figures 9 and 10 for reinforcing bars with yield 
strengths of 60,000 psi and 75,000 psi, respectively. These 
curves can be used to determine either the minimum flexural 
steel requirement or the cutoff point. For example, if a beam 
has ^  = 3.0, p = 0.021, f^  = 4,000 psi, and f^  = 60,000 psi, 
the minimum percentage of steel extension, p^ , obtained graph­
ically (Figure 9, Line 1) is 0.0079 for -g = 1.6. 
Bar cutoffs at inflection point Equations (24) and (14) 
are plotted in Figures 11 and 12. The curves are similar to 
the curves for bars terminated in the tension zone except that 
only one curve, ^  = 1, can be plotted for Equation (24). The 
minimum tensile steel requirement can be determined by the same 
procedure as for bars cutoff in the tension zone. For a member 
with the same properties as given in the previous example, the 
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required minimum percentage of steel to be extended beyond the 
inflection point is 0.004 (Figure 11, Line 2). 
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EXPERIMENTAL PROGRAM 
Description of Test Beams 
In designing the test beams, the following criteria were 
considered: 
1. The spacing of the stirrups was to be governed by the 
current AGI Code. 
2. The reinforcement ratio, p, was to be less than the 
balanced steel ratio, p^ . 
3. Bond and anchorage failures were to be prevented. 
4. A minimum clear cover of 1-1/2" was to be used for all 
specimens. 
5. Some beams were to.be designed to have equal capacities 
in shear, flexure, and rotational shear. Other beams 
were to be intensionally designed to have the capacity 
of one mode weaker than that of the other modes-
A total of thirty-two beams, twenty simple-span beams and 
twelve simply supported beams with one end cantilevered to sim­
ulate continuous beam conditions were tested. The properties 
of the specimens are summarized in Tables 1 and 2, respectively, 
for the simple span beams and the cantilevered beams. 
Materials and Fabrications 
Concrete mixes 
The concrete mix was obtained from a local ready mix plant. 
Type I Portland cement and locally available crushed rock were 
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used. The maximum size of the coarse aggregate was 3/4 inch. 
The mix was designed to achieve 4,000 psi compressive strength 
at seven days. The mix had a cement factor of 5.5 sacks per 
cubic yard. The water-cement ratio was 0.39 by weight or 4.35 
gallons per sack. Cement, sand and crushed rock mix proportions 
were 1.00:2.86:3.46 by weight. The mix had a slump of three to 
four inches. 
The concrete compressive strength, f^ , and the tensile 
splitting strength, f^ , in Tables 1 and 2 are the average of 
three cylinders obtained at time of testing of the beams. A 
typical strength versus age curve is shown in Figure 13. A 
typical stress-strain curve is shown in Figure 14. 
Reinforcing steel 
Reinforcing bars of ASTM grade A431 and A432 were used for 
flexural steel, and intermediate grade A15 bars were used for 
stirrups. Yield strengths of the bars used in the test beams 
are listed in Tables 1 and 2. Typical stress-strain curves of 
reinforcing bars for each size are shown in Figure 15. 
Casting and curing 
All reinforcing steel was cleaned thoroughly before being 
assembled into a reinforcing cage. The cage was held in place 
in the forms with spacers to assure uniform concrete cover over 
the reinforcing bars. 
The test beams were cast in metal forms (Figure 37). The 
metal forms were treated with paraffin oil prior to each use. 
Six 6 X 12 inch standard cylinders were cast prior to the cast­
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ing of the beams. 
Forms were removed two to three days after casting. All 
specimens were cured moist for five to six days using wet burlap 
and covered with plastic sheet to retard evaporation. The 
specimens, were then left to air dry until testing at the desired 
strength. It normally xtook 7 to 9 days for the specimens to 
reach the desired strength. 
Method of Loading and Instrumentation 
The loading arrangement and instrumentation for the simple 
beams are shown in Figure 16. The load was applied by a 400,000 
pound hydraulic testing machine. Deflections were measured at 
quarter span points using dial gages with a least count of 
0.001 inch. 
For some of the test beams, the steel strain in one of the 
continuing bars was measured by an SR-4 strain gage at the cut­
off location. The strain gage was attached to the reinforcing 
bar after casting with access to the bar by means of a pre­
formed notch (Figure 18). The notch had dimensions of 2" x 4" 
at the face-, of beam and tapered to 1" x 2" at the face of the 
reinforcing bar. The portion of the bar where the strain gage 
was to be placed was ground smooth before being assembled into 
the reinforcement cage. Utmost care was taken so that no excess 
steel was ground off the reinforcing bar. The strain was 
recorded by a Brush strain recorder. 
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The loading arrangement and instrumentation for the canti-
levered beams are shown in Figure 17. The load was applied 
using the same machine as was used for the simple beams. De­
flections were measured at the two loading points and at the 
inflection point using dial gages with a least count of 0.001 
inch. 
A 300,000-pound capacity hydraulic universal testing ma­
chine was used for both concrete cylinder and reinforcing bar 
tests. 
Testing Procedure 
Seven to nine days after casting, the test beam was posi­
tioned in the testing machine. The deflection dial gages were 
then installed. Deflection readings were taken either in 10-
kip or in 5-kip increments, depending on the expected ultimated 
load, to a point near failure and then in 5-kip or 2-kip incre­
ments until failure of the beam. A loading rate of about 1,000 
pounds per 10 to 15 seconds was used. Cracks were marked at 
each load increment. After the test, the beam was photographed 
to show its condition after failure. 
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EXPERIMENTAL RESULTS AND ANALYSIS OF DATA 
Specimen and Test Data 
The general physical properties of the test beams are 
listed in Tables 1 through 4. The AGI shear, AGI flexure, and 
rotational shear capacities of the test beams are given in terms 
of the unit shearing stresses (Tables 3 and 4). The stresses 
were calculated by using the following formulas : 
AGI Shear; v = 2Jf^  + rf 
u c V 
AGI Flexure; = (^ )pfy (I - 0.59q) 
Rotational Shear; = -^ (p^ f j + -grf^ ) 
where, j = 7/8. 
Test results of the specimens are tabulated in Tables 5 
and 6. The bond stresses for the specimens which failed in 
bond (splitting) were computed and listed." Dead load was not 
included in the ultimate load unless it was more than 3% of the 
ultimate capacity, 
Ferguson's Test Data (10) 
Ferguson's test results are rearranged and listed in Tables 
7, 8, and 9 in a similar arrangement as in Tables 1, 3, and 5, 
respectively. Tensile splitting strength, f^ , yielding strength 
of web reinforcement, f^ , and stirrup ratio, r, were not re­
ported. Therefore, they are not listed in the tables. However, 
the values of rf^  were reported and are listed. The mode of 
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failure is listed as reported by Ferguson. 
The second and third columns in Table 9 list the predicted 
mode of failure and the computed shearing stresses given in 
Table 8. If the type and location of failure reported did not 
coincide with the predicted mode of failure, the computed 
strength corresponding to the failure reported is listed in pa­
rentheses. 
The beams were coded as follows: 
24-8H-a. The first number is the overall beam 
depth, the second the bar size number, the capital 
letter is H for A432 steel and I for intermediate 
grade steel, and the second (lower case) letter is a  ^
serial designation for a particular beam. The last 
designation is used again with extra notations when 
an identical beam is used ... with extra stirrups 
(r) 
Mode of failure observed by Ferguson is listed in the last 
column of Table 9. "When the failure was complicated by other 
factors, these complications are listed following a hyphen. If 
the failure was not complicated by other factors, this space 
was used to indicate at which cutoff it occurred. 
Where there are multi-cutoffs of the reinforcing bars in 
the test beam, two lines are used for each beam in Table 8; the 
upper line is"for the outer cutoff and the lower line is for 
the inner cutoff. The amount of web steel, rf^ , listed (Table 
8) includes extra stirrups for some beams. The amount of extra 
stirrups is listed in parentheses. 
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Simple Beam Tests 
General behavior 
Beam behavior in general agreed with that described by 
Ferguson (11), The first flexural crack usually started at mid-
span where the moment was the highest. As the loading was 
further increased, more flexural cracks appeared at rather 
regular spacings toward the lower moment region. However, at 
the discontinuity where bars were terminated, the flexural 
crack developed at a smaller load than some of the flexural 
cracks in the higher moment region. 
Immediately after formation of the flexural crack at the 
cutoff point, the crack tended to become inclined after passing 
the level of the longitudinal steel. This crack propagated 
rather fast and well into the compression zone. At failure, 
this crack usually had the greatest width. 
Four general modes of failure were otiserved in the tests. 
These may be differentiated as diagonal tension (D-T) failure, 
shear-compression (S-C) failure, rotational shear (R-S) failure, 
and bond (B) failure, as defined below. Both diagonal tension 
and shear-compression failures are referred to as AGI shear 
failures' in this report. 
AGI shear failures 
Diagonal tension failure This failure occurred as a 
result of the crushing of concrete above the inclined crack 
simultaneously with the formation of the diagonal crack. This 
type of failure occurred in the beams without web reinforcement. 
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"Failures were sudden; the strain recording of the continuing 
bars at the cutoff point showed that there was little time be­
tween the sudden increase of strain and the failure (Figure 19). 
A photograph of the specimens without web reinforcement after 
testing is sho^ vn in Figure 20. 
She ar-comp re s s ion failure This failure occurred due to 
the crushing of the concrete compression block at the top of the 
major inclined crack prior to yielding of the tensile steel. 
The load at failure was substantially greater than the load at 
which the initial inclined crack appeared. This type of failure 
occurred in beams with web reinforcement (Beam 4/6-7S3d/4, 
Figure 21). 
Rotational shear failure This type of failure was sim­
ilar to the shear-compression failure except that the crushing 
of concrete took place after yielding of the continuing bars. 
Bond failure The failure occurred when splitting along 
the tensile steel reached an extent that the effectiveness of 
the bar was severely reduced. Beam 2/5-9S3d/2.2 (Figure 22) 
failed in bond at substantially less load than that given by 
the AGI Code, The beam reached an anchorage bond stress of only 
264 psi as compared to 428 psi given by the current AGI Gode. 
The splitting occurred along the cutoff bars instead of the 
continuing bars. Whereas, it occurred more generally along the 
continuing bars as was observed by Ferguson in his tests for the 
beaiTLS without stirrups (11). Failures of Beams 3/5-9S3d/2.2 
and 2/4-9S3d/2.2 were also complicated by bond. However, they 
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reached the predicted ultimate rotational shear capacity. The 
anchorage bond stresses of these two beams at failure were 459 
psi and 402 psi, respectively. The corresponding ultimate bond 
stresses given by the AGI Codes are 434 psi and 443 psi. 
Load-dcflection relationships 
Load-deflection curves for the simple-span beams are shown 
in Figures 24 through 27. The load-deflection curves for the 
beams without web reinforcement indicated that these beams 
failed as soon as the diagonal tension crack appeared. The 
curves for Beams 2/4-7S4d/2 and 2/4-7S3d/4 exhibit yielding of 
the continuing bars. The beams were very ductile. The failure 
of these two beams could definitely be classified as a pure 
rotational shear failure. For the beams which had about equal 
capacities in rotational shear and shear-compression (AGI shear), 
such as Beams 3/6-7S4d/2 and 3/6-7S3d/4, the load-deflection 
curves did not show any yielding of the continuing bars. These 
curves have the same shape as the curves for the beams (4/6-
7Sd/2, 4/6-7S3d/4) which failed in shear compression. 
Gomparison of the load-deflection curves of the beams with 
reinforcing bars cutoff to the load-deflection curves of beams 
without bars cutoff indicates the effect of bars cutoff on de­
flection. The curves, in general, have the same shape. How­
ever, as expected, when the reinforcing bars in a beam were 
terminated at an improper location, the beam had a substantially 
lower ultimate strength. 
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The load-deflection curves for Beams l/3-7S3d/2 and 2/3-
7S3d/2 (Figure 26) are generally similar in shape up to the 
point near failure.. These beams were designed to have equal 
capacities in ACT shear, AGI flexure, and rotational shear. 
However, the amount of steel extended and the location of the 
bar cutoff point were different. Beam 1/3-7S3d/2 was slightly 
less ductile than Beam 2/3-7S3d/2. This was primarily due to 
the cutoff location. The cutoff location of Beam l/3-7S3d/2 is 
relatively farther away from the load than that of Beam 2/3-
7S3d/2. Hence, the crushing of concrete above the critical di­
agonal crack for Beam 1/3-7S3d/2 was not restrained by the load 
(Figure 23). 
Rotational shear failure 
For all of the beams controlled by the rotational shear 
failure, the parameters (•^ )v^ /rf.^  and p^ f^ /rf^  were computed 
(Table 3) and plotted in Figure 28. The results agreed reason­
ably well with the rotational shear formula. The ratio of the 
test strength to the calculated strength varies from 0.91 to 
1.17 for the nine beams tested by the author, and varies from 
0.85 to 1.20 (except for one test-which has a ratio of 1.27) for 
twenty-five beams tested by Ferguson (11). 
The mean ratio of the test strength to the calculated 
strength of the beams tested by the author is 1.035 with a mean 
deviation of 0.07. The mean ratio of the beams tested by 
Ferguson is 1.03 with a mean deviation of 0.08. 
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The results of these beams are again plotted in Figure 29, 
versus rf^ , for the purpose of comparison with the ACI shear 
formula. It can be seen that the AGI shear formula will over­
estimate the capacities considerably for these beams when they 
are controlled by the rotational shear. The ratio of the test 
strength to the calculated AGI shear strength varies from 0.59 
to 0.85 for the beams controlled by the rotational shear. 
The test results of eighc beams which have equal capacities 
in ACI shear, AGI flexure, and rotational shear are plotted in 
Figure 30. The ratio of the test strength to the calculated 
strength varies from 0.92 to 1.14 with a mean ratio of 1.02 and 
a mean deviation of 0.07. It can be seen that there will be no 
loss in the AGI shear capacity if the ultimate rotational shear 
capacity is equal to the governing AGI capacity. However, if 
the rotational shear capacity is lower than" the AGI shear ca­
pacity, the ultimate shear strength will be less than that pre­
dicted by the current AGI Gode. The test results of several 
beams are shotcn in Figure 31. 
Effect of continuing tensile steel and stirrups 
The effects of continuing tensile steel and stirrups on 
the ultimate strength of a beam with reinforcing steel termi­
nated in tension zones are related to each other. To some 
extent, the effectiveness of one is greatly influenced by the 
other. The test results of nine beams which have the same phys­
ical properties except for the amount of continuing tensile 
steel and the amount of web reinforcement are plotted in Figure 
32. 
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The effect of providing additional tensile steel to in­
crease the ultimate shear strength of a member is very little 
for beams without web reinforcement. The ultimate shear 
strength was increased by only 10.4 percent and 35.2 percent 
respectively for an increase of 50 percent and 100 percent in 
tensile steel (Line 1, Figure 32). The stresses of the con­
tinuing bars were quite low at the cutoff point. None of them 
reached the yield strength according to the strain measurement. 
The effect of providing additional stirrups in increasing 
the ultimate shear capacity of a beam is quite significant up 
to the yielding of the extended steel. However, the- effective­
ness become insignificant after the longitudinal steel yields. 
The effectiveness also depends on the cutoff location; the 
greater the -g ratio, the less is the effectiveness of the stir­
rups. For instance, the theoretical effectiveness of stirrups 
is only 25 percent for a m.ember with a/d = 2.0 (Equation 5). 
Ferguson observed that there was an average effectiveness of 50 
percent for extra stirrups provided in his beam tests (10); the 
value of a/d varied from 1.7 to 3.7. 
If the-rotational shear capacity of a beam is considerably 
lower than the AGI shear capacity, the strength of the beam can 
be raised up to the AGI shear capacity more effectively by pro­
viding additional flexural steel. Nevertheless, when the AGI 
shear capacity is reached, the ultimate capacity of a member can 
not be increased very significantly by providing additional 
flexural steel. This is also the case for beams with stirrups 
41 
as observed by comparing the results of Beams 3/ô-7S4d/2 and 
3/6-7S3d/4 to those of Beams 4/6-7S4d/2 and 4/6-783d/4. Al­
though the amount of the. continuing flexural steel was increased 
by 33 percent, the ultimate strength was increased by only 1 
percent and 7 percent respectively (Lines 2 and 3, Figure 32). 
The relative effectiveness of the tensile steel and the 
web steel can also be shown graphically in Figure 33. These 
curves (Figure 33) can be employed to determine the controlling 
mode of failure and also the ultimate capacity of a beam for 
any given value of rf and p f . Values of p f above the JO Y '^ e y e^ y 
curve which represents the AGI shear capacity for any given 
value of rf^  are AGI shear failures and those below the AGI 
shear curve are rotational shear failures. 
Effect of rotational shear span or bar cutoff location 
The rotational shear span, a, is defined to be the distance 
from the reaction to the cutoff point plus the effective depth 
of the beam, d. Therefore, the rotational shear span and the 
bar cutoff location are related to each other. The non-dimen­
sional term a/d, rotational shear span to depth ratio, was 
employed in comparing the test results. This was done in order 
to eliminate the effects of beam depth, d. 
Some of Ferguson's test results (10) are plotted in Figure 
34. The curves indicate that the higher the a/d ratio, the 
lower the ultimate strength of a member will be when other phys­
ical properties of the members are equal. This agreed well 
with the analytical study (Equation 6). 
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Beaias 24-8H-C and 24-SH-d are similar in all respects ex­
cept the cutoff location. The distance from the reaction to the 
outer cutoff point is 25.7 inches for the former and 14.7 inches 
for the latter. The ultimate unit shear stress at failure was 
109 psi for Beam 24-SK-c and 130 psi for Beam 24-SH-d. It is 
clear that the ultimate strength of a member can be increased 
by shifting its cutoff point closer to the point of less rela­
tive moment. 
Effect of beam depth 
The redistribution of the internal stress is more severe 
for deeper beams than for shallower beams. The effect of beam 
depth on the rotational shear capacity of a beam can be ex­
plained more clearly by using the following examples. Rein­
forcing bars in Beam 24-8H-C were terminated according to the 
moment diagram at two places. There was no extension beyond 
the theoretical cutoff. Reinforcing bars, in Beara 24-8H-d were 
extended 12D beyond the theoretical cutoff. The effective depth 
of these two beams is 21 inches. The calculated rotational 
shear capacity was 113 psi for Beam 24-8H-C and 148 psi for Beam 
24-8H-d. Thé._ calculated ultimate AGI capacity for these two 
beams wa,s approximately equal to 180 psi. These two beams 
failed at unit shear stress of 109 psi and 130 psi, respec­
tively. It is clear that the ultimate strength can be in­
creased by shifting the cutoff location 12 inches closer to the 
reaction. However, an extension of merely 12 inches was not 
enough to bring the capacity up to the AGI capacity for a beam 
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with an effective depth of 21 inches. 
Beams 13-8H-b and IS-SH-c are similar to Beams 24-8H-C and 
24-SH-d in all respects except the effective depth, d. The 
effective depth of these two beams is only 15.2 inches. The 
calculated rotational shear strength was 123 psi for Beam 18-SH-
b and 173 psi for Beam IB-SH-c. The calculated ultimate AGI 
shear capacity for these two beams was also approximately 180 
psi. These two beams failed at a unit shear stress of 128 psi 
and 160 psi, respectively. It is apparent that an extension of 
12 inches beyond the theoretical cutoff point was almost enough 
to bring the rotational shear capacity up to the AGI capacity 
for these two shallower beams. 
From the above examples, it can be concluded that the re­
distribution of stresses due to the inclined crack is influenced 
considerably by the depth of the beam. The" deeper the beam, the 
more severe is the redistribution of the internal stresses. 
Therefore, the minimum length of extensions required beyond the 
theoretical cutoffs should be based on the effective depth of 
the member as given in the AGI Gode rather than on the diameter 
of reinforcing bars as specified by the AASHO Specifications. 
Effect of reinforcing bar arrangement 
The rotational shear capacity of a member is influenced by 
the location of the critical diagonal crack. The location of 
cracks in a beam can be influenced somewhat by the arrangement 
of reinforcing bars in the beam. Therefore, the rotational 
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shear capacity can be indirectly affected by the arrangement of 
the reinforcing bars. 
For example, consider a beam with a bar arrangement as 
shomi in Figure 35a. The stresses in the continuing bars at 
the section where some of the reinforcing bars are terminated 
are assumed to be f . The stresses at the ends of the termi-
sc 
nated bars are zero. At some distance away from the cutoff 
point, say at section A-A, the stresses in all four bars may be 
assumed to be equal to some stress f^ - In the continuing bars, 
the steel stress, f^ ,^ at the cutoff location should be greater 
than the stress, f^ , at section A-A. Whereas, in the cutoff 
bars, the stress at section A-A is greater than the stress at 
the cutoff point. Due to this difference in stress conditions, 
the direction of bond stresses along the continuing bars is 
different from that along the.-.terminated bars. This will re­
sult in a state of stress between the reinforcing bars as shown 
in Figure 35b. The direction of the cracks appeared as ex­
pected as shown in the figure. The critical crack location 
could be shifted a short distance away from, the cutoff point. 
The ultimate rotational shear capacity, hence, could be reduced 
somewhat. A photograph of Beam 2/4-7S3d/4 (Figure 36) indicates 
the above mentioned crack patterns. 
When the reinforcing bars were placed in layers and the 
bars in the top layer were terminated, no such ill effect was 
observed. Ferguson also observed in his tests (10) that the 
two layered effect may be beneficial to the strength of a beam. 
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Initial cracking; 
Initial cracking load may be im.portant for beams without 
web reinforcement, especially when there is no strength in ex­
cess of the critical diagonal cracking. The test results of 
the beams without web reinforcement tested by Ferguson and the 
îvrriter were plotted (Figure 38) by using the same parameters 
employed in deriving the ACI shear formula. The ultimate load 
was used instead of the cracking load, since the cracking load 
has been defined quite differently by various investigators (2, 
17). Furthermore, only ultimate loads were available in 
F'erguson's data. The plotted points for all of these beams, 
except one, fell below the sloping line which is the lower 
envelope line of the data used in developing the ACI shear 
formula (2). The data for beams with no strength in excess of 
the critical diagonal tension cracking are generally located 
near the left side of the figure. The ratio of the test shear 
strengths to the calculated ACI shear strength varies from 0.75 
to 0.92 for the seven beams without web reinforcement. 
It is obvious that bar cutoffs have a significant effect 
on initial cracking and the ultimate strength of beams without 
web reinforcement. The reduced capacity due to cutoff of some 
of the tensile steel can be restored by providing stirrups. 
Therefore, stirrups should be used whenever bars are terminated 
in tension zones. 
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Gantilevared Beaiu Test 
General behavior 
Initial beam, behavior, in general, appeared to be inde­
pendent of the shear span lengths. The moment crack was always 
first to appear at the maximum moment region. However, as the 
loading was increased further, the beams behaved differently 
according to their shear span lengths. In the beams with short 
shear spans, two or three more flexural cracks would appear in 
the lower moment region before the critical diagonal crack 
passed through the inflection point. In the beams with longer 
shear spans, more flexural cracks would also appear in the lower 
moment region. However, the critical diagonal crack would not 
necessarily pass through the inflection point. Three general 
modes of failure were observed in this series of tests. These 
may be designated as diagonal tension failures (D-T), rotational 
shear failures (R-S), and bond failures (B). The definition of 
these failures are the same as given in the simpie-span beams 
except for the diagonal tension failure. 
The diagonal tension failure is defined as the failure 
which occurred due to the inability of the stirrups and the ex­
tended steel beyond the inflection point to resist the external 
moment when the diagonal tension crack passed through the in­
flection point. The final failure occurred by the crushing of 
concrete at a load lower than the diagonal tension cracking load. 
This type of failure occurred in the beams that had an ultimate 
unit rotational shear stress less than sJW' and also in the 
c 
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beams without steel extended beyond the inflection point. 
Bearas without steel extended beyond the inflection point nor­
mally had an ultimate unit rotational shear stress of less than 
Behavior of the cantilevered beams is greatly influenced 
by the location of the critical diagonal tension crack. The 
location of the critical diagon&l crack is affecced by the 
length of the shear span. When the shear span of a beam is 
short and the ultimate unit shear stress is greater than 5jf^ , 
the critical diagonal crack must pass through the inflection 
point. When the shear span of a beam is long and the ultimate 
unit shear stress is less than the critical diagonal 
crack may not pass through the inflection point. The effect of 
shear span will be discussed in the subsequent section entitled 
"Effect of shear span length". 
For some of the test beams, the ultimate shear strength 
was considerably higher than the yield strength. This is true, 
especially, for the beams which had a rotational shear capacity 
much less than the ACI shear and flexural capacities. This 
could be due-to the following two reasons: (1) The extended 
steel was in the strain hardening zone when the crushing of the 
concrete occurred, since the amount of the longitudinal steel 
extended was very little normally; and (2) there existed a 
considerable amount of compression steel. 
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Load- def 1 o- Gtlog curves 
The load-deflection curves for the cantilevered beams are 
shoTvn in Figures 39 through 43. There was a considerable dif­
ference between the yield load and the ultimate load in some of 
the test beams. The load-deflection curves were used to deter­
mine the yield load. The yield load was estimated by extending 
the upper portion of the initial slope to intercept an extension 
of the beginning part of the secondary slope. This construction 
creates a sharp knee at the point which defines reasonably well 
the load at yielding. The yield loads determined by this manner 
are given in Table 6. 
The diagonal cracking loads (Table 6) were also determined 
from the load-deflection curves. A slight kink was observed in 
the load-deflection curves whenever the diagonal tension crack 
passed through the inflection point. 
Effect of shear span length . 
As explained in the general behavior of the test beams, 
the length of shear span will significantly affect the behavior 
and the ultimate strength of a member. The failure can gen­
erally be classified into two types: rotational shear failure 
and rotational shear failure complicated by bond. 
Rotational shear failure When the ultimate unit shear 
stress of a member is greater than 5jf^ and the A/d ratio is 
less than pfyj/5jf^, then the critical diagonal tension crack 
must pass through the inflection point. The results of the 
beams tested by the writer agreed reasonably well with this 
k-9 
hypothesis. The diagonal tension cracking stress varied from 
o.yjf^ to 5.3/f^ with an average of 4.7jf^ for seven beams 
tested by the writer (Table 6). The failure occurred by crush-, 
ing of the concrete after yielding of both the extended tensile 
steel and the web reinforcement. 
Beams C52-84d/3.4 and C53-84d/2 failed as soon as rhe diag­
onal tension crack formed through the inflection point. There 
was no steel extension beyond the inflection point in Beam 
C52-84d/3.4. The AGI shear and flexural capacities in terms 
of shearing stress of this beam were 434 psi and 333 psi, re­
spectively. The beam failed at a unit shear stress of 246 psi 
which is only 57 percent and 74 percent, respectively, for the 
AGI shear and flexure. There was some steel extended beyond 
the inflection point in Beam G53-S4d/2 (p^ = 0-0016). However, 
the beam failed at a shear-stress of 241 psi which is only 77 
percent and 71 percent, respectively, of the AGI shear and 
flexural capacities. The low ultimate strength attained by 
these two beams was primarily due to their low rotational shear 
capacities. The ultimate rotational shear capacity of these 
two beams was not only substantially lower than the AGI shear 
capacity, but also considerably lower than the diagonal tension 
cracking strength of the concrete. The rotational shear ca­
pacities were 153 psi and 196 psi, respectively, for Beams 
G52-S4d/3.4 and C53-S4d/2. The type of failure for these two 
beams was, therefore, classified as the diagonal tension fail­
ure. This type of failure could be prevented by extending an 
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adequate aniour-t of steel so that the rotational shear capacity 
of the meraber is at least equal to the shear cracking strength 
of the concrete. 
The rotational shear strengths of Beams Gll-S4d/4.2 and 
C21-S3d/4.9 were greater than the diagonal tension cracking 
strength of the concrete. Therefore, these two beams were 
capable of carrying additional load after the diagonal tension 
crack appeared. The calculated rotational shear strength was 
483 psi for Beam Cll-S4d/4.2 and 340 psi for Beam C21-S3d/4.9. 
The yield strength obtained from the tests was 512 psi for the 
former and 401 psi for the latter. The ultimate strength was 
higher than the yield strength for these two beams. The ulti­
mate strength was higher than the yield strength by 18 and S.5 
percent, respectively, for Beams Gll-S4d/4.2 and G21-S3d/4.9. 
The rotational shear capacity of these two beams was consider­
ably less than the AGI shear and flexural capacities. When the 
capacities of the beams were nearly equal in all three modes; 
namely, AGI shear, AGI flexure and rotational shear (Beams G12-
S4d/4.2, G22-S3d/4.9 and C41-S3d/3.4), the ultimate strength 
was not much.higher than the yield strength. 
For the six beams which failed in rotational shear, v/rf^ 
versus p^f /rf^ are plotted in Figure 44. The ratio of the test 
strength to the calculated strength varied from 1.03 to 1.18 
with mean ratio of 1.08 and a mean deviation of 0.04. The re­
sults of these six beams and two beams which failed in diagonal 
tension are again plotted, v^ versus rf^, in Figure 45. It is 
51 
apparent from the figure that the AGI shear formula would over­
estimate the ul-imate capacity of the beams considerably when 
they are controlled by the rotational shear. 
The mean ratio of test strength to calculated strength is 
higher for the cantilevered beams than for the simple beams. 
One reason for the higher mean ratio could be due to the value 
of j used (j = 7/8). The percentage of steel extended beyond 
the inflection point was normally much less than the steel ex­
tended beyond the cutoff point in the tension zone. The actual 
value of j would have been about 0.94 instead of 0.875 for p^ 
equal to about 0.006. 
Rotational shear failure complicated by bond When the 
ultim.ate unit shear stress of a member is lower than 5/f^ and 
its shear-span to depth,ratio A/d is greater than pf j/S/f"', y C • 
the member is apt co fail in bond along the terminated bars. 
Beam C32-S3d/2.2 had approximately equal capacities in AGI 
shear, AGI flexure, and rotational shear. The rotational shear 
capacity was calculated by assuming the crack location which 
passed through the inflection point. The calculated ultirfiate 
unit shear strength was 270 psi. • The beam failed at a unit 
shear stress of 252 psi. After the ultimate stress was reached, 
it immediately reduced to 169 psi. It stayed at this level for 
a shore period. This indicated the yielding of the reinforcing 
bars or bond failure- The critical crack was located at 14 
inches away from the inflection point along the level of steel. 
Severe splitting occurred along the longitudinal steel from the 
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critical crack to the inflection point (Figure 45). The failure 
of this beam could definitely be classified as a bond failure. 
The calculated rotational shear strength is 135 psi if the 
actual crack location is used and the contribution of the cutoff 
bars is neglected. There was some contribution of the cutoff 
bars; however, it was not significant. 
It is apparent from the above test results that the crit­
ical diagonal tension crack will not necessarily pass through 
the inflection point and that bond may be a problem in the 
terminated bars. This type of failure is rather sudden and 
exhibits little ductility. Therefore, it should be avoided. 
Since bond resistance of the cutoff bars is not clearly under­
stood, sufficient steel should be extended to prevent a reduc­
tion in strength if a bond failure occurred. The amount of 
steel can be determined by using Equation C29). 
Eeairi G33-S3d/2-2 was designed by using Equation (29). The 
unit bond strength of 600 psi for No. 8 bar (f^ = 4,000 psi) 
given in the ACI Code was assumed. The required amount of the 
extended steel, p^, was found to be 0.0092. However, the 
actual amount used was 0.0097 (60% of the total steel). This 
beam should be able to take load up to the A CI shear capacity 
regardless of its critical diagonal crack location. The cal­
culated ACI shear capacity of this beam was 272 psi. The beam 
yielded at 300 psi. The ultimated test strength was 339 psi. 
The beam was very ductile as indicated by the load-deflection 
curve (Figure 42). The critical diagonal crack of this beam 
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was located at 16 inches away from, the inflection point. Some 
splitting was observed along the longitudinal bars between the 
critical crack and the inflection point. However, it was not 
as severe as in Beam C32-S3d/2.2. By using the actual crack 
location and neglecting any contribution of the cutoff bars, 
the calculated rotational shear capacity of this beam is 279 
psi. This is about 12 percent lower than the test strength and 
nearly equal to the ACI Code capacity. 
Effect of flexural steel and stirrups on rotational shear ca­
pacity 
Due to the shorter rotational shear span for beams with 
bars cutoff at the inflection point, the effects of the flexural 
steel and the stirrups are quite significant. Theoretically, 
the effectiveness should be about 88 percent for the longitu­
dinal steel (depending on the value of j used) and 50 percent 
for the stirrups. The test results of two beams, C12-S4d/4.2 
and C22-S3d/4.9, agreed reasonably well with the theoretical 
expectation. The effectiveness of additional flexural steel in 
increasing the yield strength for these two beams was 95 and 74 
percent as compared to the test strength of Beams Cll-S4d/4.2 
and C21-S3d/4.9, respectively. 
The current AGI Code requirements for steel extension be­
yond the inflection point are not adequate for beams with short 
shear spans. The ACI Code requires a minimum of 1/3 of the 
total negative steel and 1/4 of the total positive steel to be 
extended beyond the inflection point. Beam Cll-S4d/4.2 attained 
only 89 percent of the AGI shear strength. This beam had 35 
percent of the total steel extended beyond the inflection 
point. 
For beams with intermediate shear spans, the current AGI 
Code requirements are quite satisfactory. However, for beams 
with longer shear spans, the current .-..CI Code requirements are 
not satisfactory if the brittle type of failure (bond failure) 
is to be avoided. 
It is apparent from the above discussions that no definite 
amount of steel extension can be set for various lengths of 
shear span. However, the area of steel to be extended beyond 
the inflection point can be determined by using either Equation 
(24) or Equation (29) depending on whichever governs. 
Longitudinal steel terminated in tension zones 
For beams with the shear span longer than the development 
length of the reinforcing bars, the bars may be terminated in 
the tension zone. If the bars are terminated in the tension 
zone, a crack will pass through the cutoff point. By predeter­
mining the location of the critical crack, the ultimate rota­
tional shear strength can be predicted more accurately. 
Beam C34-S3d/2.2 was planned to check the validity of the 
rotational shear equation (Equation 6). The test strength for 
this beam agreed reasonably well with the predicted strength. 
The critical crack passed through cutoff point and the beam 
failed at an ultimate unit shearing stress of 299 psi. The 
predicted strength was 270 psi. 
After yielding of the extended steel, the beam finally 
failed in anchorage along the extended bars. The embedment 
length was 21 inches and consisted of 7 inches in the tension 
zone and 14 inches in the compression zone. The ultimate an­
chorage bond stress was 547 psi. This is considerably less than 
the ultimate bond stress of £40 psi for No. 6 bar given by the 
AGI Code. The extended bars were located in the interior. The 
clear spacing between bars was 1 inch. 
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SWIMABY AND CONCLUSIONS 
The objo-ct of this investigation was to develop a reliable 
method for predicting the ultimate load of reinforced concrete 
beams with some of its tensile steel terminated in the tension 
zone or at the inflection point. The objectives were accom­
plished by obtaining an analytical solution and substantiating 
it by test results-
Thirty-two beams consisting of twenty simple beams and 
twelve simply supported bearas with one end cantilevered to sim­
ulate continuous beam conditions were tested. In addition to 
these thirty-two beams, forty-five beams tested by Ferguson (11) 
were analyzed. The following observations are noted. 
I. Bars Cutoff in Tension Zones: 
1. Whenever tensile steel is terminated in the tension 
zones, the critical shear crack will normally pass through the 
cutoff point. 
2. The ultimate strength of a beam with tensile steel 
terminated in the tension zones will depend on the following 
factors: 
a. 'The location of cutoff. 
•• b. The area and the yield strength of the tensile 
steel extended beyond the cutoff point. 
c. The amount of stirrups provided within the dis­
tance, d, from the point of cutoff. 
3- Design of reinforced concrete beams with bars cutoff 
should not only be based on flexural, shear and bond strength 
formulas given in the AGI Gode, but also on a rotational shear 
formula. 
4. The basic rotational shear formula is expressed as 
follows : 
= PefyjsaZ + 
This equation can be modified and used to determine the tensile 
steel requirement at any particular-location of cutoff, or the 
required location of cutoff for any amount of steel provided. 
5. The test program showed that the majority of the beams 
had strengths within 10 percent of the predicted strength by 
the rotational shear formula. 
6. The reduced capacity of a beam due to cutoff of some 
of the tensile steel can be restored more effectively by ex­
tending additional flexaral steel than providing extra stirrups 
7. The effectiveness of extra stirrups provided for re­
building the strength lost due to bars cutoff is not very sig­
nificant according to the rotational shear formula. Ferguson's 
test results (11) showed an average effectiveness of 50 percent 
8. The.present AGI Code requirements on the stirrup 
spacing for beams without bars cutoff are adequate for beams 
with bars cutoff if the beams are designed by using the rota­
tional shear formula. 
9. VJhen a beam is designed to have equal capacities in 
the AGI shear strength and rotational shear strength, the full 
normal shear value given by the AGI Code can be used; namely, 
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10. The. redistribution of internal stresses due to the in­
clined crack is influenced considerably by the depth of the 
beam. The deeper the beam, the more severe is the redistribu-
11- Whenever tensile steel is terminated in the tension 
zones, web reinforcements should be provided. 
II. Bars Cutoff at the Inflection Point: 
onal tension crack cannot pass through the inflection point. 
Wlien the unit shear stress, v, is greater than a diagonal 
tension crack must pass through the inflection point. 
2. The miniiaum amount of reinforcement to be extended be­
yond the inflection point should be calculated by: 
tion of the internal stresses. 
1. When the unit shear stress, v 
a. 
wnere 




D = diameter of the terminated bars. 
3. When bars are terminated in the tension zone, the min­
imum amount of reinforcement required for extension can be cal-
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culated by using the rotational shear formula given for the bars 
terminated in tension zones for sirr^ple beams. 
4. The length of bar to be extended beyond the inflec­
tion point should be ar least the minimum, length needed to 
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Table 3. Tabulation of coraputed strengths (simple beams) 









2/4-7SN0 2.0 134 , 0 0 1.26 0.63 
3/6-7SN0 2.0 134 0 0 1.89 0.95 
4/6-7SN0 2.0 133 0 0 1.89 1.26 
2/4-7S4d/2 2.0 134 0.423 191 1.26 0.63 
3/6-7S4d/2 2.0 133 0.423 191 1.89 0.95 
4/6-7S4d/2 2.0 132 0.423 191 1.89 1.26 
2/4-7S3d/4 2.0 • 147 0.465 236 1.26 0.63 
3/6-7S3d/4 2.0 147 0.465 240 1.89 0.95 
4/6-7S3d/4 2.0 147 0.465 240 1.89 1.26 
4-7S4d/2 — 131 0.423 200 1.26 1.26 
6-7S4d/2 — 131 0.423 200 1.89 1.89 
4-7S3d/4 — 132 0.465 236 1.26 1.26 
6-783d/4 — 132 0.465 256 1.89 1.89 
3/5-9S3d/2. 2 3.41 128 0.172 89 1.79 1.08 
2/5-9S3d/2. 2 2.36 127 0.172 89 1.79 0.72 
2/3-7S3d/2 2.61 129 0.446 201 1.83 1.22 
l/3-7S3d/2 1.56 130 0.446 201 1.83 0.61 
2/4-7S3d/4--A 1. 60 129 0.650 340 1.75 0.88 
2/4-9S3d/2. 2 2.97 131 0.229 114 1.91 0.96 
A-S4d/2.7 3.20 126 0.444 200 1.92 0.61 
'^Notation for mode 
Rotational shear, ACI-F 
of f 
= AG 
ai lure: ACI* 
I flexure. 
-S = AGI shear. R-S = 
T-v 4- AGI AGI Rotat. Predicted^ 
e y shear flex. shear rceode of 
p s i psi v^, psi psi failure 
501 134 296 220 AG I-S 
704 134. 3S6 309 AG I-S 
942 133 388 413 AGI-S 
466 325 277 251 R-S 
713 324 390 360 AGI-S, R-S 
977 323 397 476 AGI-S 
472 383 287 266 R-S 
755 387 426 391 AGI-S, R-S 
970 387 415 486 AGI-S 
— 331 292 - AGI-F 
- 331 336 - AGI-S 
- 368 301 - AGI-F 
- 388 391 - AGI-S, F 
810 217 217 221 R-S 
540 216 216 219 R-S 
922 330 320 349 R-S 
467 331 323 328 R-S 
655 469 468 471 R-S 
701 245 226 225 R-S 
377 329 224 134 " R-S 
Tabla 4. Tabulation of computed strengths (cantiLevered beam.s) 
pfyj 2,/F r rf^ p 
Beam A/d 5 Jf^ psi % psi % 
Cll-S4d/4.2 1.28 2.18 131 0.91 445 1.36 
G12-S4d/4.2 1.2S 2.18 137 0.91 445 1.36 
C21-S3d/4.9 2.37 3.00 131 0.60 294 1.87 
C22-S3d/4.g 2.37 3.00 135 0.60 294 1.87 
C31-S3d/2.2 3.32 2.60 131 0.28 138 1.62 
C32-S3d/2.2 3.32 2.60 137 0.28 138 1.62 
C33-S3d/2.2 3.32 2.60 131 0.28 141 1.62 
C34-S3d/2.2b 3.32 2.60 129 0.28 141 1.62 
C41-S3d/3.4 2.74 2.85 132 0.39 196 1.72 
C51-S5d/4:2 2.36 2.77 173 1.19 626 1.82 
C52-S4d/3.4 3.57 4.11 129 0.68 305 2.02 
C53-S4d/2 3.57 4.14 131 0.40 181 2.07 
'dotation for mode of failure: AGI-S = AGI shear, R-S = 
Rotational shear, AGI-F = AGI flexure. 
'^With bars cutoff in tension zone; 7" from the P.I. to cut­
off. 
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AGI AGI Rotat. Predicted 
p D f shear flex. shear mode of 
e ' e y • • - a 
^ V , DSI v^, psi V , psi railure /O % 'u' "f 
0.48 298 576 591 483 R-S • 
0.72 449 582 591 615 AGI-S, R-S 
0.35 221 425 417 340 R-S 
0.53 334 429 421 439 AGI-S, R-S 
0.27 167 269 261 215 R-S 
0.38 236 275 265 275 AGI-S, R-S 
0.97 598 272 260 275,594 AGI-S, R-S 
0.65 401 270 261 285 AGI-S, R-S 
0.46 292 328 382 353 AGI-S, R-S 
0 0 799 516 313 R-S 
0 0 434 333 153 R-S 
0.16 120 312 341 196 • R-S 
Table 5. Analysis of test results (simple beams) 
Precic ted 
L. ^t mode of V T calc. ^t 
Beam f ailu re psi kip psi V 
c a i - c .  
2/4-7SN0 AGI-S 134 24.0 126 0.94 
3/6-7SN0 ACI-S 134 26.5 140 1.04 
4/6-7SN0 ACT-S 133 32.0 169 1.27 
2/4-7S4d/2 R~S 251 43.0 227 0.91 
3/6_7S4d/2 ACI-S, R-S 324 62.5 329 1.02 
4/6-7S4d/2 ACI-S 323 63.0 332 1.03 
2/4-7S3d/4 R-S 266 50.5 267 1.00 
3/6-7S3d/4 ACI-S, R-S 387 75.5 400 1.02 
4y%^7S3d/4 ACI-S 337 80.8 427 1.10 
4-7S4d/2 AGI-F 292 67.0 353 1.19 
6-7S4d/2 ACI-S 331 68.0 362 1.09 
4-7S3d/4 AGI-F 301 69.5 366 1.22 
6-7S3d/4 ACI-S, F 38 S 80.0 426 1.08 
3/5-9S3d/2.2 • R-S 217 56.6 203 0.94 
2/5-S83d/2.2 R-S 216 46.5 167 0.77 
2/3-7S3d/2 R-S 320 34.0 346 1.08 
l/3-7S3d/2 R-S 323 35.8 364 1.14 
2/4-7S3d/4-A R-S 469 60.0 438 0.94 
2/4_983d/2.2 E-S 225 48.6 231 1.00 
A-S4d/2 R-S 134 77.5 158 1.17 
^Anchorage bond computed at face of bearing plate. Figure 
in parentheses are flexural bond computed at cutoff point. 
^Notation for mode of failure: D-T = diagonal tension, 
S-C = shear compression, 3 = bond, see Table 3 for other nota­
tions . 
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V Bond* Mode^ v. p f 
stress of 71"%^ 
AGI u, psi failure v v 
0.94 - AGI-8(D-T) - -
1.04 - ACI-S(D-T) - -
1.27 - AGI-S(D-T) - -
0.70 - R-S 2.38 2.44 
1.02 - AGI-S(S-G)R-S 3.45 3.98 
1.03 - AGI-S(S-G) - -
0.70 - R-S 2.26 2.00 
1.02 - • AGI-S(S-G)R-S 3.39 3.20 
1.10 - AGI-S(S-C) - — 
1.07 - ACI-S(S-C) - -
1.09 - AGI-S(S-G) - -
1.00 - ACI-S(S-G) - — 
1.08 - AGI-S(S-C) - — 
0.94 459(349) R-S, B 7.77 ' 9.10 
0.77 264(430) B - — 
1.05 - R-S 4.49 4.58 
1.10 - R-S 2.82 2.32 
0.94 - R-S 2.06 1.96 
0.95 402(450) R-S, B 6.02 6.31 
0.48 - R-S 2.53 1.90 
Table 6. Analysis of •test results (caxitilevered beams) 
Predicted 
\lt. \d. mode of V caic. ^yd. 
Beam failure^ psi kip kxp psi 
Cll-S4d/4. 2 R-S 483 111.0 94. 0 512 
C12_s4d/4. 2 AGI-S,R-S 582 119.0 111. 0 606 
C21-S3d/4. 9 R-S 340 76.0 - 70. 2 401 
C22-S3d/4. 9 ACI-S,R-S 429 84.6 81. 8.^  467 
C2il-S3d/2. 2 R-S 215 42.4 36. 2? 26ic 
a32-S3d/2. ACI-S,R-S 275 41.0 27. 5b 252C 
C33-33d/2. ACI-S,R-S 275 54.9 48. 1 296 
C34-S3d/2. 2e ACI-S,R-S 270 48.7 48. 7 299 
C4l-S3d/3. 4 AGI:-S, R-S 328 68.7 68. 4 361 
C51-S5d/4. 2 R-S 313 71.0 71. 0 322 
C52-S4d/3. 4 R-S 153 48.8 - 246C 
C53-S4d/2 R-S 196 48.0 24ic 
'^See Tables 3 and 5 for notation. 
^Load drop to this level after reaching the ultimate load. 
^Ultimate unit stress. 
^The critical diagonal crack located at 16" from the P.I. 
^3ars cutoff in tension zone, the critical crack passed 
through the C.O. 
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Table 7. properties of Ferguson's test beams (simple beams) 
Half span b d y^. 
Be cm Bars A, in. i.n. in. psi ksi 
24-3K-b — —: 80.1 9.7 21.4 3610 62.7 
24- Sii- c 80.1 9.2 21.1 3750 . 62.7 
24-8H-CT i~ 80.1 9.7 21.0 3180 62.7 
24-Sn-d .... h 80.1 9.2 21.2 2950 62.7 
24—C'ii—or 80.1 9.2 21.3 2370 62.7 
24-Sii-e —i- 80.1 9.2 21.2 3940 62.7 
24-SH-f 80.1 9.1 21.2 3180 62.7 
18-SK-a — : 80.1 9.4 15.3 4300 62.7 
18-3Z^ b 80.1 9.2 15.2 4260 62.7 
18-8H-C 1- 80.1 9.2 15.3 3870 62.7 
lS-Si-i-cr]_ do 80.1 9.0 15.2 2780 62.7 
IS-SH-cr? do 80.1 9.3 15.5 3620 66.0 
18-SH-d - 80.1 9.2 15.1 4010 62.7 
j-8 —ori—e 80.1 18.1 15.2 3420 - 62.7 
18-SH-f 80.1 18.1 15.2 3420 62.7 
18-8H-S 80.1 9.3 15.2 3610 62.7 
18-llH-n : ^ 153.0 12.1 15.0 3190 57.0 
Icj-llK—LI =3% 159.0 12.1 15.0 3470 57.0 
IS-llK-rari do 159.0 12.2 14.2 3480 57.0 
i- 3 - i. 1H - • ûir -T do 159.0 12.4 15.2 3510 57.0 
!- 159.0 12.0 15.0 3540 57.0 
IS-llH-o 159.0 15.1 15.0 3240 57.0 
IS-llH-i 90.6 11.9 ' 15.0 4020 57.0 
13-llH-j 106.0 15.1 15.0 3650 57.0 
13-llE-k — = 106.0 15.0 15.0 3840 57.0 
IS-llK-tr .. .... ri.t 90.6 12.1 15.2 4160 62.7 
18-llI-a 60.6: 12.2 14.9 4580 42.0 
IS-llI-b 60.6 12.1 14.9 4460 42.0 
18-lll-br\ • do 60.6 12.1 15.6 2720 42.0 
18-111-br?. ' ' do 60.6 12.2 15.3 4290 42.0 
18-llI-br: do 60.6 12.3 14.8 3260 42.0 
13-11I-Ç- .... 60.6 12.2 15.6 2620 42.0 
18-oI-c !_ 53.4 9.1 15.1 2900 46.3 
IS-Sl-d 53.4 9.1 15.2 2900 46.3 
13-SR-a .. . 80.1 9.2 10.0 4330 62.7 
lû—8H—b do 80.1 9.0 10.1 4400 62.7 
13-3li-c 80.1 8.9 9.9 3300 62.7 
13-8H-d do 80.1 9.0 10.1 3350 62.7 
13 — SH— e f- 80.1 9.0 10.2 3640 62.7 
13-SH-f t- 80.1 8.9 10.1 3860 62.7 
13—8H-g - 80.1 9.0 10.0 3460 62.7 
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Table 7 (Continued) 
Half span b d f f c y 
Benra Ears A, in. xn. xn. ps X ks i 
13-SH-h .80.1 9.0 10.1 3460 62.7 
1 ô — S si- i _  , .  — - 80.1 12.0 10.2 3920 62.7 
13-SK-j 53.4 12.1 10.1 3920 62.7 
1 o — 8 H— le 'é 106.8 12.0 10.1 3950 62.7 











24-SH-b 120 61 1.14 1.14 
24-SH-c 47.8 2.27 122 64 1.22 0.41 
74.5 3.55 0.82 
24—SK— cT 47.7 2.27 113 71 1.16 0.39 
74.4 3.55 0.78 
24-Siï-d 35.9 1.70 109 65 1.21 0.40 
62.6 2.95 0.81 
24-SH-dr 36.0 1.70 98 133 1.21 0.40 
62.7 2.95 (+ 52) 0.81 
2.^•— Siri—e 62.6 2.95 125 65 1.21 0.81 
24-SH-f 47.9 2.26 113 65 1.23 0.41 
18-SH-a » — 131 63 1.65 1.65 
13-8H-b 41.9 2.76 130 65 1.69 0.56 
68.6 4.51 1.13 
18 — 8 zi— c 30.0 1.96 124 64 1.68 0.56 
56.7 3.70 1.12 
lS-SH-cr]_ 29.9 1.97 106 115 1.73 0.58 
56.6 3.73 (+ 33) 1.16 
18-8rl-cr^  30.2 1.95 121 126 1.64 0.55 
56.9 3.67 (+ 46) 1.10 
13-8H-d 41.8 2.77 127 65 1.71 0.57 
18—8H—e 41.9 2.76 117 86 1.72 0.57 
68.6 4.51 1.14 
IS-SH-f 29.9 1.97 117 87 1.72 0.57 
56.6 3.72 1.14 
18-SK-g 68.6 4.51 120 85 1.65 1.12 
IS-llH-n — 113 0 2.58 2.58 
18—llH-m .46.9 3.13 118 0 2.58 0.86 
99.9 6.66 1.72 
IS-llH-mr. 46.1 3.25 lis 61 2.70 0.90 J. 99.1 6.98 (+ 61) 1.80 
18-llH-mr^  47.1 3.10 119 98 2.48 0.83 
100.1 6.60 (+ 98) 1.66 
18-llH-l 68.0 4.53 119 0 2.60 0.87 
121.0 8.07 1.74 
"^ Notation for mode of failure: R-S = rotational shear, 
S = AGI shear, F = AGI flexure, 0 = outer cutoff, I = inner cut­
off, EG = both cutoffs. 
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.c AGI AGI Rotat. Predicted 
shear flex. shear raode of 
osi V , psi Vr., psi V , osi failure^  
131 169 - F 
257 186 177 113 R-S(O) 
514 . 136 
245 184 165 110 R-S(O) 
490 131 
251 174 170 148 R-S(O) 
508 162 
251 178 164 169 F,R-S 
508 174 
508 191 178 161 R-S 
257 178 175 114 R-S 
194 170 - F 
351 195 ' 172 123 R-S(O) 
709 145-
351 188 169 173 R-S(BC) 
702 • 174 
354 188 1:8 191 F 
727 186 -
563 201 173 195 F 
726 191 
357 192 170 125 ' R-S 
357 203 ' 167 129 R-8(0) 
715 148 
357 204 167 180 F 
715 179 
702 205 165 ' 145 R-S 
113 101 X' 
490 lis 104 137 F 
980 ' 129 
513 lis 102 149 F 
1026 133 
473 118 103 148 F 
946 133 
496 119 105 95 R-S(O) 
992. 107 
Tabic S (Continued) 
ï/d 
Beam psi psi % % 
IS-LLK-o 64.3 4.29 114 0 2.75 1.38 
117.3 7.82 2.07 
IS-ILK-i 45.2 3.01 127 138 2.62 0.87 
75.4 5.02 1.74 
IS-ilK-j 68.0 4.53 - 121 90 2.75 1.38 
IS-IlK-k 46.9 3.13 124 90 2.77 1.39 
18-llK-tr 24.3 1.6 129 300 2.55 0.85 
54.5 3.58 (+191) 1.70 
13-llI-a — _ 135 122 2.58 2.58 
18-llI-b 35.1 2.36 134 124 2.60 0.87 
55.3 3.71 1.74 
13-111-br. 35.8 2.30 104 217 2.48 0.83 
56.0 3.59 (+ 84) 1.66 
18-i.11-bîT^  35.5 2.32 131 241. 2.51 0.84 
55.7 3.64 (+103) 1.68 
IS-llI-br. 35.0 2.36 114 314 2.57 0.86 o 55.2 3.73 (+184) 1.72 
IS-llI-c 34.9 2.24 102 142 2.46 1.64 
18-81-0 - — 108 77 1.72 1.72 
18-8l-d 33.0 2.17 108 77 1.71 0.57 
50.8 3.34 1.14 
13-8H-a — — 132 117 2.57 2.57 
13-8H-b - - 133 0 2.61 2.61 
13-8H-C 36.6 3.70 115 121 2.70 0.90 
63.3 6.40 1.80 
13-8H-d 36.8 3.64 lib . 0 2.61 0.87 
63.5 6.29 1.74 
13-8%-& . 24.9 2.44 121. 120 2.58 0.86 
. •,-51.6 5.06 1.72 
13-8%-f 51.5 5.10 124 121 2.53 1.76 
13-&H-g / 36.7 3.67 lis 120 2.63 0.88 
13-SH-h 63.5 6.28 118 120 2.61 1.74 
13-SH-i 24.9 2.44 125 91 2.58 1.29 
51.6 5.06 1.94 
13-8%-j 24.8 2.46 125 138 2.58 1.29 
13-8H-k 24.8 2.45 126 0 2.61 1.30 
51.5 5.10 1.95 
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AGI AGI Rotat. predicted 
'• c-^ y shear flex. shear mode of 
psi • v^ , psi Vg, psi V. , psi failure^  















































































































































ACT. Mode of fail.ure V 
e^ y 
24-8 IF •b F^  169 188 1.11 1. 04 Flex."D.T. 
24" 8H-.c R-S(O) 113 109 0.97 0, 59 Shear-Outer C.O. 3. 86 4. 02 
24" 811.. •cT R-S(O) 110 125 1.14 , 0. 68 Shear- liiVier c.o. 6. 25 6. 90 (131)0 (0.96)(i 
24-SH-d R-S(O) 148 130 0.88 0. 75 Shear-Outer C.O. 3. /:0 3. 86 
24-8H" • dr F,R"S 164 178 1.08 0. 99 Flex.-D.T. 2. 27 1. 89 
24-SH- e R"S 161 159 0.99 0. 82 Shear 7. 24 7. 83 
24-8 IF •f R-8 114 145 1.27 0. 81 Shear 5. 05 3. 95 
18-8H" a F 176 177 1.00 0. 91 Flex. "Do T. ».- « 
18" SH-b R^ S(O) 123 128 1.04 0. 66 Shear-Outer c.o. 5. ii3 5. !,'0 
IS­BH-c R^ 8(BC) 174 160 0.92 0. 85 Shear-Inner c.o. 9. 25 11. 00 
IS -SH- cr.| F 158 153.5 0.97 0. 81 Shear-Flex. 
IS­8H~ cr,, F 173 184 1.06 0. 91 Flex. D. T, , both C.O. 5. 36 6. 00 (191) (0.96) 
IS-SH" d R-8 125 135 1.08 0. 71 Shear 5. 75 5. 50 
18-8H. e R^ S(O) 129 132 1.02 0. 65 Shear- Inne:c c.o. 4. 23 4. 15 (148) ' (0.89) 
18-SH-^ f F 167 167 1.00 0. 77 Shear-Outer c.o. 6. 71 8. 21 (180) (0.88) 
18-8H- g R-S 146 152 1.01 0. 74 Splitting"Flex. 8. 06 8. 55 
00 
o 
^8ee Table 8. 
^Mode of failure described by Ferguson. 
'See Table 8 for notations. 
Stress or ratio corresponding to the mode of failure reported by Fergur.on, 














18-llH-n F 101 121 1.20 
18-llH-m F 104 88 0.85 
(118) (0.75) 
18-llII-mr. . F 102 118 1.16 
IS-llH-mi"» F 103 122 1.18 
18-llH-l ^ R-S(O) 95 82 0.R6 
18-llH-o F 106 104 0.98 
(114) (0.91) 
18~llH~i R"S(0) 167 179 1.07 
18-llH-j R"S,F 162 158 0.98 
la-lIH-k F 169 183 1.08 
F 234 238 1.02 
18-llI-a F 230 266 1.16 
18-llI-b R-S(O) 162 168 1.04 
18-llI-br, R"S(0) 180 164 0.91 
IS-lII-br^  R..S(0) 185 206 1.11 
18-lII-brq R-S(O) 201 213 - 1.06 
1S"LLI"C F 204 227 1.11 
18-8I-C S,F 185 204 1.10 
18 "81"d R"S(0) 124 131 1.06 
13-8H-t.\ F 157 191 1,22 
IS—SlI—b S 133 138 1.04 





CO 116 90 0.78 
(125) (0.72) 
13-8H-e F 152 181 1.19 
1. 11 FI ex. D. T. f in. a 1 •* 
0. 74 Shear-Inner C.O. " 
1. 00 Flex. "'Split. & D.. T. 
1. 02 Flex.-Split. & D.ï. 
0. 61 8hear»Outer C.O. — 
0. 91 Shear-Outer C.O. -
0. 68 Sp 1it t ing-Flex. 3. 91 3. 59 
0. 75 Splitt ing"Flex, 7. 96 G. 71 
0. 85 Sp1it t ing"Flex. 
le 00 Flexure 
1. 03 Flexure .. 
0. 65 Flex.-D. T. 3. 19 2. 95 
0. 69 Flex.-D.T. 1. 74 1. 61 
0. 77 Flex.-D.T. 1. 98 1. 47 
0. 87 Flex. -D. T. 1. 60 1. 15 
0. 93 Flex."D.T. 
1. 10 Flex. "D. T. M « 
0. 71 Shear-Flex, 3. 70 3. 43 
0. 76 Flexure M M 
1. 04 Shear -• 
0. 74 Flexure-Splitting 5. 38 5. 24 
0. 78 Shear-Outer C.O. " 
0. 75 F1 ex. " Sp ]. i 11 in g 
Table 9 (Continued) 
Predicted^ - v -, v v 
mode of " ' 
Beam failure psi psi c^al, 
13-8H .f F 156 192 1.23 
13-8H-g F,R-8 148 174 1.17 
13"8H"h F,R"S 149 166 1.11 
13-811-. i F 156 185 I.IR 
13-8H-j F 231 248 1.07 
13-8H-k F,S 126 108 0.86 
V 
V AGI Mode of failure 
t^ 
0.78 F],ex. "Splitting 
0.73 Flex.-D.T. 5.32 4.60 
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of the internal forces 
2. Internal forces at section of diagonal crack for 
bars cutoff in tension zone 
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Figure 5. Internal forces at section of diagonal crack for 
bars cutoff at inflection point 
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Inflection Doint 
Figure 6. Critical crack formed away from the inflection point 
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a+x 










Location of crack from the P.I., x 
Figure 7. Graphical representation of rotational shear and 
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re 9. Graphical representation of the design, equations for 
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-gure 10. Graphical representation of the design equations 
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Lgure 11. Graphical representation of the design equations 
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. 2 .  Graphical representation of the design equations 
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Figure 14. Typical concrete stress versus strain curve 
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No. 7 (A431) 
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Figure 17. Loading arrangement and instrumentation for canti-
levered test beam 
99 
V. •CO. 
'f'-'S: •• • ' 
Lgure IS. Detail of strain, gage attachment from side of test 
. be ara 
Figure 19. Typical strain recording of the continuing bar at 
cutoff-, point (beam without stirrups) 
100 
M5N0 
"Figure 20. Test beams without stirrups 
I 2/4-7S3CÎ/4! 
; 3/Ô-7S3CÎ/4 -
I» ,. "' ... :_UT;T'' ""v/ ...:'" 4/6~7S3d/4: 
;rnp9##q 3 1 
a 
..L\^ ..S •..•<•»„ i 
Figure 21. Test beams with stirrups 
LOI 
/:! 
Sisi < &i«ivi£Sâ 
^^ ^^ '^'isSsMœïïïœiiiSaiiiSiiJS&iaïsSSSii^  ^
Figure 22. Beam 2/5-9S3d/2.2 (bond failure) 
. . . .  ^  
g:/.: 
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Figure 27. Load-deflection curve, simple beam with bars cutoff 





o Ferguson's test beams; v./v 0.88 to t calc 
= 0.91 to 
1.17 
—l&.O 
® Author's test beams t calc 
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Figure 28. (•~)v/rf^  versus p^ f^ / rf^  (rotational shear equation) 
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A AGI shear = rotational shear 
o Rotational shear <AGI shear 





= 4,000 psi 
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Figure 30. P,_ versus A /A , AGI shear = AGI flexure 
° t calc. se s 
rotational shear 
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A A Rotational shear - AGI shear 
o o Rotational shear < AGI shear 





























Effect oÉ longitudinal steel 








rfy = 240 psi (Line 3) 
rfy = 191 psi (Line 2) 
4/6-7 
rfy = 0 psi (Line 1) 
- Effect of longitudinal steel 
Figure 32. 
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Figure 33, Graphical representation of AGI shear and rota­
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Figure 34. Ultimate shear strength versus a/d 
113 
Figure 35. State of stress between reinforcing bars near cut­
off point 
114 
3/4_7S:id/4|;. ^ . y . | 
..•l.'A .".y. y " •"'••• ••••-. . 
f 
1 
Figure 35. Direction of crack (bottom view), beam 2/4-7S3d/4 
-4f 
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Cracking strength : 
Ultimate strength used in all 
cases 
\ 1.0 
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Deflection under load pt. 
Figure 39. Load-deflection curves; beams Cll-S4d/4.2 and C12-S4d/4.2 
Yield load 240 
ULT. 217k 
ULT. 195k 200 




0.1 0 . 2  












Figure 41. Load-deflection curves; beams C31-S3d/2.2 and C32-S3d/2.2 
132.0k ULT. LD 











Figure 42. Load-deflection curves; beams C33-S3d/2.2 and C34-S3d/2.2 
200 
ULT. 171k 
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Figure 43. Load-deflection curve, beam C41-S3d/3.4 
+10% 









Figure 44. versus p^ f^ /rf^  (rotational shear equation) 
122 
A Rotational shear - AGI shear 
o Rotational shear < AGI shear 
o Rotational shear < Diagonal tension crack 
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Figure 46. Beam G32-S3d/'2 
Figure 47. Beam C22-S3d/4.9 
